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1 Week 5

Question 1.

Find the JCF J of
-3 -1 0 2
0 -1 0 0
5 2 -1 -5
-2 -1 0 1

A=
and find a matrix P such that P~'AP = J. For your convenience: the characteristic polynomial of A
is (z +1)%

Solution.

For the JCF of A, we use nullity method.

Since we know that ca(z) = (x 4+ 1), hence A = —1, also
-2 -1 0 2
0 0 0 0
ATL=15 2 o 5]
-2 -1 0 2

the nullity of this matrix is 2, and hence by Theorem 2.9.1, the number of Jordan blocks with eigenvalue
—1is 2. From c4(z), we know the sum of the degrees is 4, so the JCF can be J_; 1&J_1 3 0r J_126BJ_1 2.

We need to check the minimal polynomial in this case: we see that
(A+ 14)2 =0,

and hence the JCF must be in the form of J_12 ® J_1 2.

In order to find P, we need to find the Jordan basis. Since dim(A + 1) = 4, we need to find 4 vectors.

1 —2
0 0
Choose vy = ol then vi = (A + I4)ve = 5
0 -2
0 -1
Choose vy = (1) , (since vy and v4 need to be linearly independent) then vy = (A + I4)vy = g
0 -1
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Hence,
-2 1 -1 0
0 0 0 1
P= 5 0 2 0
-2 0 -1 0

Question 2.

Use your answer to Question 1 to find 42022, How about e4?

Solution.

By telescoping product,
A2002 _ p 72002 p-1

By formula of powers of Jordan block,

n n—1 n n—k+1
AT nA (k B 1) A

J;\LJf = 0 An

: : .. nAn—1
0 0 AT
Hence,
g2z _ (F1)20%22022(= 1221\ /1 —2022
-12 0 (_1)2022 0 1 .
Therefore,
-2 1 -1 0 1 —-2022 0 0 0 0 1 2
42022 _ 0 0 0 1 0 1 0 0 1 0 0-1 _
5 0 2 0 0 0 1 —2022 00 -2 =5
-2 0 -1 0 0 0 0 1 0 1 0 0
Similar for e”,
ed = pe’ P71,

By definition of f(J),

f(k) = : ,
0 0 fA)
where ]
) = 550
Hence,
el el 0 0
0 10 0
e’ = -1 -1
0 0 e
0 0 0 et

4045
0
—10110
4044

2022
1
—4044
2022

o = O O

—4044

10110
—4043
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Therefore,
-2 1 =1 0\ /et et 0 o0 00 1 2
A_ [0 0 01 0 e! 0 0|10 0 -1
15 0 2 0 0 0 e! elflOoo0 —2 —5
-2 0 1 0o/\0 o0 o0 e'J\0o1 0 O
-1 -1 0 2
_1f0 100
5 1 -5
-2 -1 0 3

Question 3.

What is the minimal polynomial of A? Find the Lagrange interpolation polynomial of 4 and use it
to calculate 42022 and e again.

Solution.

From question 1, we see that the minimal polynomial of A is (z + 1)2. Given the degree of pa(x) is 2,
our Lagrange interpolation polynomial is linear, so h(z) = ax + . To determine « and 3, we need to

solve
(-1 = (~1)*2 = h(~1) = ~a+§
n(=1)""1 =2022(-1)22 = p/(-1) = «
We have
a = —2022
B =—-2021"
Hence,

A2 = 90224 — 20211,

-3 -1 0 2 2021 0 0 0
0 -1 0 0 0 2021 0 0
= —2022 5 2 -1 -5 | o 0 2021 0
-2 -1 0 1 0 0 0 2021
4045 2022 0 —4044
_ 0 1 0 0
~10110 —4044 1 10110
4044 2022 0 —4043

Similarly, our Lagrange interpolation polynomial is linear, so h(z) = ax + b. To determine a and b, we
need to solve

{eA =el=h(-1)=—a+b

Solving it we get
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Hence,
ed=e A+ 27

-3 -1 0 2 2¢O 0 0
0 -1 0 0 0 21 0 0

_ -1

¢ |15 2 -1 5| 0o 0o 2 o
-2 -1 0 1 0 0 0 2!
-1 -1 0 2

1 0 1 0 0

- 5 1 -5
-2 -1 0 3
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