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1 Week 5

Question 1.

Consider the sequence of functions
x

@)=

n €N,
on the domain [0, c0).

(a) Find the pointwise limit A of (h,) on [0, c0).

(b) Prove that (h,,) does not converge to h uniformly on [0, c0).

(c) Prove that there exists a subset of [0, c0) over which the convergence is uniform.

Solution.

(a) Note that lim,,_, hy(z) has different values in different xs. We have

r O<zx<l1
lim r 1 r=1
n—oo 1 + " 2 -

0 x>1.

We see that h has a jump discontinuity at = = 1:

xlﬂ?_ h(z) =1#0= lim h(z).

r—1+

As h(1) = 3, h is neither right nor left continuous at z = 1.

(b) Suppose (hy) converges uniformly on [0,00). By uniform convergence and continuous theorem,
if (fn) converges uniformly to f, then f is continuous. However by (a), we know that h is not
continuous at x = 1, therefore it is a contradiction and (h,) does not converge uniformly on
[0, 00).

(c) Clearly from part (b), we know the subset cannot contain 1. Claim that the subset is [0, a] for
a < 1 and [b,00) for b > 1.

Proof: For the first subset [0, a), where a < 1, we have
$n+1

T < sup(z™t1) < @™t
x

[0

sup |h, — h| = sup
[0,a] [0,a]

—:v‘ = sup

L4an [0,a]

As n — 0o, a1 — 0 since a < 1. Hence,

sup |hn, — h| <0 <e,
[0,a]
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and it converges uniformly on [0, al.

For the second subset [b, 00), where b > 1, we have

x 1
—O‘<sup<

sup hn—h—sup‘ < —.
‘ ‘ [pr) xn pn 1

[b,00) [boo) | 1 + 2

As n — oo, b"%l — 0. Hence,

sup |h, —h| <0 <e¢,
[b,00)

and it also converges uniformly on [b, 00).

Question 2.

Decide which of the following statements are true and which are false. Present a proof or a counter-
example to support your answer.

(a)
(b)
c)
(d)
(e)
(f)

If f, — f pointwise on a closed bounded set K, then f, — f uniformly on K.
If f, — f uniformly on A and g is a bounded function on A, then f,g — fg uniformly on A.
If f, — f uniformly on A, and if each f,, is bounded on A, then f must also be bounded.

If f, — f uniformly on a set A, and if f,, — f uniformly on a set B, then f,, — f uniformly on
AUB.

If f, = f uniformly on an interval, and if each f, is increasing, then f is also increasing.

If f, — f pointwise on an interval, and if each f,, is increasing, then f is also increasing.

Solution.

(a)

(b)

False. Consider the counterexample

2nx T e [O,%)
fo@)={ =2n(z~3) z€z.7)
0 T e [%, 1] .

We see that f,(x) — f = 0. However for every n, we have f, (%) = 1 and therefore

sup [ fn(2) = f| = sup|fa(2)| =1,
[0,1] [0,1]

which is not smaller than e.
True.

Proof: Since g is a bounded function on A, then

sup |g| < M,
€A

for some M and since f,, — f uniformly on A, then

sup | fn — f] <o,
z€A

for all € > 0. Therefore,

sup | fng — fgl = sup |fn — fllgl = sup|fn — flsup|g| < Me.
T€A €A €A T€A
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(c¢) True.

Proof: Note that
[fl=1f = fat ful <1 = fal +1fal -

Since f, — f uniformly on A and f,, is bounded, then
sup |f — fal <&,
€A

and
sup | fn] < M.
z€EA

Therefore,
fI<M+1

since € > 0, and that shows f is bounded.
(d) True.

Proof: Since f,, — f uniformly on A and B, then

Sup’fn_f|<51 Sup‘fn_f’<52‘
z€EA z€B

Choose N to be the largest among all Ns in A and B, so for all n > N, we have

sup |fn — f]| <ez <e.
r€AUB

Therefore, f,, — f uniformly on AU B.
(e) True.

Proof: Assume that f is not increasing, that means there exists a z < y, such that f(z) > f(y).
Since f, = f uniformly, then there exists N such that

[f(@) = ful2)l <e [f(y) = fuly)l <e

for all n > N. The above also can be rewritten as

f@)—e <fulz) < fle)+e and  f(y) —e < fuly) < f(y) +e

, we have

Choose € = M

fly) +e=fx) —e < ful@),

and since f, is increasing, we have f,(z) < fn(y), but that means

fy) +e < falz) < fu(y)

which contradicts the fact that f,,(y) < f(y)+e. Therefore the assumption that f is not increasing
is false and the statement should be true.

(f) True.

Proof: Since uniform convergence implies pointwise convergence and part (e) is true, then part
(f) is true.
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Question 3.

Show that if f,, and g,, are bounded and converge uniformly to f and g respectively, then f, g, converges
uniformly to fg.

Proof.
Since f, and g, are bounded and converge uniformly to f and g, then we have

’f|:’fn+f_fn|§|fn‘+|f_fn|§M+5y

for some M, e > 0. Similar for g, and that shows f and g are bounded. Also we have

’fngn_fg‘ = ‘fngn_fng"i‘fng_fg‘
< |fallgn — gl + lgl [ fa — fI
SMf|9n_g‘+Mg‘fn_f"

Since f, gn converge uniformly, for any € > 0, we can choose N large enough such that

€ €
—g| < d — f] < —/—.

|n g!_QMfan | fn f'-zMg

Therefore,
€ €
| fngn — f9 §§+§:5-
Since that works for every z, then
sup [ fngn — fgl < e

and that implies frg, = fg. O
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