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Question 1.

Recall that given a bounded interval I = [a,b], a partition @ is a refinement of P if every interval in
the partition P can be written as a union of intervals in the partition Q. (As a convention we take all
intervals in a partition to be closed and non-trivial, i.e., [s, s| is not allowed. The intervals are almost
disjoint.)

(a) Given two partitions of [a,b], say P and @, assume that for every interval Ij in the partition P
there exists at least one interval (say Jj) in the partition @ such that Jy C Ij. Is Q a refinement
of P?

(b) Show that @ is a refinement of P if and only if for every interval Q) in the partition @ there
exists P; in P such that Q C P;.

Solution.

(a) Not necessarily true. Consider P = {[0,1],[1,2]} and Q = {[O, %] , [%, 1] , [1, %] , [%,2] } For
each interval J, we have

Jl,JQ C [1
J3,J4 C Iz

while [%, %} ¢ P, meaning @ is not a refinement of P.
(b) If @ is a refinement of P, then there exists some j such that Q, N P; is an interval of positive
length. Also by definition, P; = Ufia] Q; for some a; < B, and this implies that Q = Q; C P;.
If every interval @) in the partition @), there exists P; C P such that Q; C P;, then we claim
that J,cr @k = Pj, and we want to prove it is true. Assume that it is not true. Then we have a
closed set S = Uk:Qkaj Q such that S C Pj, but P; \ S has a positive length. By definition of

a partition, there is Q; € P; : Q; N P; is non-trivial and this means that Q; € P, for any P, in P.
That is a contradiction and we conclude that S = P;.

O]

Question 2.

The oscillation of a bounded function f on a set A is defined by

oicf = sgpf — irjff'
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Let f,g : [a,b] — R be bounded functions, with g Riemann integrable on [a,b]. Show that if there
exists C' > 0 such that
osc f<C- oscg

on every interval I C [a,b], then f is Riemann integrable.

Proof.

Since g is Riemann integrable on [a,b], then for every € > 0, there exists a partition P of [a,b] such
that
U(Q?‘P) —L(g,P) <E.

By definition,

u(f,p :Z Mi|I| — ka|fk|
=> qu’Ik’ - Zl}iff\fk\
k=1 T k=1
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Iy,
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ey supg ~ inf )11
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=C(Ul(y, P) - L(g, P))
<Ce<e.
Therefore, f is Riemann integrable. O

Question 3.

Let f : [a,b] — R be an integrable function. Prove that given & > 0, there exists a partition of
[a,b], say P ={a=x9 <z <..<Zp_1 <z, =">} for some n € N, such that for any choice of points
ek € [xp—1, 2], K =1,2,...,n we have

— Z f(Ck) [.%’k — xk_l] <e€
k=1

Proof.

By definition, if f : [a,b] — R is integrable, then there exists a partition P such that
U(f,P) _L<f7P> <e

Also recall that there is a relation:

b
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Hence,

b
og/ f(z)dz — L(f, P) < U(f, P) — L(f, P) < e.

Recall that . .
L(f,P) = ;mk|1k| = Z;%ff [z — Zh_1]

k=

<Y flew) [k — za].
k=1

Therefore,

<

b
/f(x)dx—L(f,P) <e.
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